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ABSTRACT: In this paper, we introduce
and examine the concept of lacunary d—statistical
a—convergence and lacunary d-—statistical
a—boundedness and establish the realtion
between them. Finally, we give a general
description of inclusion between two arbitrary
lacunary methods of d-—statistical
a—convergence.

l. INTRODUCTION AND
PRELIMINARIES
The idea of statistical convergence
which is, in fact, a generalization of the usual
notion of con- vergence was introduced by Fast

[15] and Steinhaus [28] independently in the
same year 1951 and since then several
generalizations and applications of this concept
have been investigated by various authors
namely Bhardwaj et al. ([1], [2], [3], [4].[5]).
Connor [10], Et [11], Et et al.([12], [13], [14]),
Fridy [18], Fridy and Orhan [19], Mursaleen and
Mohiuddine [23], Mursaleen [24], Rath and
Tripathy [25], Salat [27], and many others.

The idea of statistical convergence depends
upon the density of subsets of the set N of
natural numbers. The natural density 6(K) of a
subset K of the set N of natural numbers is
defined by

. .1
AK) = lm —ep <y -k €K}

==
ioen

where |{ k< n:k =K}| denotes the number of elements of X not exceeding n. Obviously, we have

d(K) = 0 provided that K is a finite set.

A seqtlence x = (xz) is said to be statistically convergent to L if for every £ = 0,

J({kEN by —L| > £}) =0,

. 1
e lim _h<w e -Lizel=0

n—= 31

In this case we write S lim x, = L. Since lim x, = L implies S lim x, = L, statistical
convergence may be considered as a regular summability method. The set of all statistically convergent

sequencesis denoted by S.

Following Freedman et al. [17], by a lacunary sequence 6 = {k,}¥=0, where ko = 0, we

shall mean an increasing sequence of non-negative integers with k; — k,-; — o as r — oo. The intervals
determined by 6 will be denoted by I, = (k-1, k], and we let h; = k; — k.—;. Sums of the form

. =
Zf—cl Bl ey = ief be| will be written for conwvenience as 7

denoted by g,.

= . .
x and the ratio #* will be
b oy

=1

There is a strong connection [17] between the space |oy| of stronglvy Cesdro summable sequences:

gid= {x = {m } : there exists L. such 1:11.&1:&l

and the sequence space Nz which is defined by

No= {x = {3.4 - there exists L such that

El

e —L| — 0}

k=1

=

1 e  —Z] —03}.
he
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Fridy and Orhan [19] introduced and studied a

concept of convergence, called lacunary statistical <

convergence, that is related to statistical
convergence in the same way that Ny is related
to |01|.

Definition 1.1 Let 6 be a lacunary sequence.
The number sequence x = {Xy} is lacunary
statistical convergent or Sg-convergent to L

provided that for every ¢ >0, lim *{k €I, :
Xk ~L|>€} = 0.

In this case, we write Sg —lim x = L or Xy
— L(Sg), and we define Sy = {x : for some
L,So —

Iim x =L}.

Statistical convergence of order o (0 < a 1)
was introduced by C olak [8], and also
indepen- dently by Bhunia et al. [6], using the
notion of natural density of order o (where n is
replaced by n* in the denominator in the
definition of natural density). It was observed in
( [6], [8] ) that the behaviour of this new kind of
convergence was not exactly parallel to that of
statistical ¢canyergence. For a detailed account of
many more interesting investigations concerning
statistical convergence of order o, one may refer
to ( [2], [9], [12]) and [26], where many more
references can be found.

Let a be any real number such that 0 < a <1.

The a— density of a set K C N is defined by

%K) = lim I_HEEHZEF:AE-I

&
p—ram
” H

provided this limit exists. Note that o—
density of any set reduces to its natural
density in case a = 1. In case of natural
density, it is well known that 6(K) + (N — K)
= 1. But this result remains no longer true in

case of a— density, i.e., %K) + 8*(N — K) = 1
does not hold, in general. Moreover, as in the
case of natural density, a— density of a finite
set is also zero.

If K has zero o— density for some o« < (0, 1), then it has zero natural densitv. But the converse
need not be true, in the sense that a set having zero natural density may have non-zero a— density for

some a € (0, 1). For example, if we take £ = {1, 4, 9, ...} then 6(K) = 0 but §%K) = = for

any a € (0, 1).

Let 0 <= a= 1. A number sequence x = (xz) is said to be statistically convergent of order a« to

L. if for each 2= 0

da(§k eN gy ~Lze}) =0,

ie

1
im —|{k<n g -Lizegi|=0,

n—xo B

and we write 5% _ lim x; = L. The set of all statistically convergent sequences of order a« is denoted
by 5% In case a = 1. the statistical convergence of order a reduces to the statistical convergence.
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The concept of statistical boundedness was given by Fridv and Orhan [20] as follows:

The real number sequence x is statistically bounded if there exists a number B =0 such that
Gk gl > B} = 0.

It can be shown that everv bounded sequence is statistically bounded, but the converse is not
true. For this consider a sequence x = (x;) defined by

= K if £ is a square
& 1, 1t k1s not a square

Clearly x = (x3) is not a bounded sequence. but it is statistically bounded.

Bhardwaj and Gupta [4] generalized the concept of statistical boundedness by introducing theconcept
of a—statistical boundedness as follows ;

The real number sequence x = () is statistically bounded of order @ (0 < @& < 1) if there is
a number B =0 such that

F{E eEN: g =B}) =0,
ie
. 1
m —|{k=n-|g =B} =0
n=en
The sets of all statisticallv bounded and statisticallvy bounded sequences of order & are denoted bv
S(h) and S%b). respectively.

Definition 1.2 Let 6 = {k.} be a lacunary sequence. The number sequence x = {x\} is said to be
lacunary statistical bounded or Sg-bounded if there exists M > 0 such that

S
ke Ll = M=,
La,
Fllk EN: g = M} =0,

For a given lacunary sequence 6 = {k:}, So(b)
denotes the set of all Sg-bounded sequences. 1. MAIN RESULTS

Obvi-ously, Se(b) is a linear space with respect
to co-ordinatewise addition and scalar
multiplication.

In the present paper we introduc? the concept of
lacunary d-statistical a—convergence and lacunary
d-statistical a—boundedness and establish the
realtion between them.

Definition 2.1 Let (X, d) be a metric space
and 6 = {kJ} be a lacunary sequence. The
sequence

X = (x) in X is said to be S™%—convergent or
lacunary d-—statistically a—convergent if there

is areal number a € X such that

1
lim ik €4 - dlyx a) =€t = U

F—z
w ¥

where Bla) is the open ball of radius € and centre a. In this case, we write 5%9 —limx; = a. The
set of all lgcunary d—statistically a—corvergent sequences will be denoted by ﬁ‘?

If 6 = (2) and a = 1, then lacunary d
statistical o convergence reduces to d
statistical convergence in a metric space which

@

was introduced by Kucukaslan et. al. [21].

Definition 2.2 Let (X, d) be a metric space
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and 0 = {k} be a lacunary sequence. The d statistically o bounded if there is a real
sequence X = (Xy) in X is said to be lacunary number a X anda real number B such that
-

im ik €4 : dlxs a) =B = 0.

F—o

e F
The set of all lacunary d statistically a bounded convergent sequence is lacunary d statistical a
sequences will be denoted by S“Y(b). If 6 = bounded;but the converse is nob true.
(2hand o = 1then lacunary d— statistical o -
boundedness reduces to d statistical Proof. Let x = (Xx) be a lacunary
boundedness in a metric space which was d—statistically a—convergent sequence and g
introduced by Kucukaslan et. al. [22]. > 0 be given. Then there exist a € X such

that

Theorem 2.3 Every lacunary d statistically o

) 1
lim ik €4 - dize a) =2t = U

Now for anv real number B with B = g we have

k€L -dx @) =B} <|{k €L : dixp a) = =}

and consequently, result follows.To show the strictness of the inclusion, choose & = (27); X = R,
dix, ¥v) = [x—3. a=1 and consider a sequence x = (x;) by

Itis clear that x = (xz) is lacunary o—statistically a—convergent to 0 but it is not convergent.

Theorem 2.4 Every bounded sequence is sequence. Then there exists a real number a

lacunary _d statistically o bounded; but the c X anda real number B such that Hk €1, :
converse isnot true.

Proof. Let x = (xJ) in (X, d) be a bounded d(x«, @) 2B} = 0 for all r € N and so,

1
ik €4 > dixe a) =Bl = U

To show the strictness of the inclusion, choose & = (27, X =R, d(x, ¥) = |x—1|. @« = | and consider
a sequence x = (xz) by

= k k=n_ =N
& 1 k=wm T

It is clear that x = (xi) is not bounded but, it is d—statistically bounded.

Theorem 2.5 Let 8= (k) and 8 = (sp) be two lacungry sequences such that [, C J, for all ¥ €N,
i lim i By d
(i) flim inf G*) >0 then S  C $hq

Proof. (i) Suppose that I, C J, for all r € N and given condition holds. For given € > 0, we have

DOI: 10.35629/5252-030312241229 Impact Factor value 7.429 | ISO 9001: 2008 Certified Journal Page 1227



International Journal of Advances in Engineering and Management (IJAEM)
Volume 3, Issue 3 Mar. 2021, pp: 1224-1229 www.ijaem.net

¢

IJAEM
{fed, —dxy a)ze} D{k €L ;dxp a) ==}

and so0

1

A [k €y - dlxp @) ze}| = (ﬁHk €L - dxp a) z &}
E
(Exal
all » € N. where (b1, Bl S g,J e = kp — kg and [ = 5. —5-1. Now taking
e limit as » — oo in II{JL last 1[:equahty an usling condition, we éet the result. '

(i1) Let x = (xz) = $ and given condition holds. Since I, C J,, for ¢ = 0 we may write
1 1
—|{k EJy tdxp a) =g} = —|{s,_1 <k =k Cdxy a) =}
F
+ F[{k,_l <k=k cdip a) =}

f
+iv—\i{&x < k=5 1dxp a) =&

A
ch s sk L o7 dix,a) =5
3;(7 g‘x gx Fd i
— + Lk EI - d(x a) = g}|
J\: .i'-

{‘(Nh —l)+h—|-{kE cdxy a) =&}
W E=1and x=(x) . 50 that the ﬁIst and second term on right hand side of above
= e &a d
inequality tend to 0 as » — . This implies that §% sS4 o

Corollary 2.6 Let 6 = (k;) and 6 = (s;) be two lacunary sequences such that I, C J; for all r € N,
(i) if liminf% >0 then § c §¢
(ii) if lim !X =1 then s cs°.

r—0o0 hr

Theorem 2.7 Let (X, d) be a metric space and let 0 <= a =8 =1 be given. If a sequence x = (x3)
in (X, d) iz lgcungry o statistically convergent of order w them it is lgcumary o statistically
comvergent of order B, ie, §% . c s&p

Proof. Let x = (x;) € gg- Then for ¢ > 0, there exists @ €X such that
Sd

2 1

e |0 = e T @lXE, &) 2 Ef = WU
r—o

The result follows in view of the following inequality

1 1
—[{k €L da @) 2e}| = —|{ke - d(xp a) = £}

[
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